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Agenda

· Why we use Lévy processes for option pricing?

· What is a Lévy process?

· Option pricing with Lévy process – using FFT

· Our improvements on P.Carr and D.B.Madan (1999). Option
valuation using the fast Fourier transform. Journal of
Computational Finance.
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Why we use Lévy processes for option pricing?
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What is a Lévy process?

Recall
A stochastic process X = {Xt , t ≥ 0} is a standard Brownian
motion on some probability space(Ω,F ,P) if
(i) X0 = 0 a.s.
(ii) X has independent increments.(i.e. Xt2 − Xt1

∐
Xt4 − Xt3)

(iii) X has stationary increments.(i.e. Xt1+s − Xt1 d Xt2+s − Xt2)
(iv) Xt+s − Xt ∼ N(0, s)

(i.e. Xt+s − Xt has characteristic function φ(u) = e−
1
2
s2u2 )

If we generalize φ as

φ(u) = e−
1
2
s2u2+iγu+

∫∞
−∞ e iux−1−iux 1{|x|≤1} ν(dx)

then X defines a Lévy process.
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What is a Lévy process?

Example (Poisson process)
A Poisson process is a stochastic process such that the number of
events in time interval(t, t + s] follows a Poisson distribution with
associated parameter λs.

(i.e. P(N(t + s)− N(t) = k) = e−λs(λs)k

k! k = 0, 1, 2, ...)
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What is a Lévy process?

Example (Compound Poisson process(with normal jump size))
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What is a Lévy process?

Example (standard Brownian motion)
dlogS = µ dt + σ dW
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What is a Lévy process?

Example (Merton’s jump diffusion model)
dlogS = µ dt + σ dW + J dN, J ∼ N(α, β)
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Option pricing with Lévy process – using FFT

The FFT is an efficient algorithm for computing the sum

w(k) =
∑N

j=1 e
−i 2π

N
(j−1)(k−1)χ(j) for k = 1...N

Carr and Madan(1999) shows that

CT (k) =
e−αk

2π

∫ ∞
−∞

e−ivkψT (v) dv =
e−αk

π

∫ ∞
0

e−ivkψT (v) dv

where ψT (v) = e−rTφT (v−(α+1)i)
α2+α−v2+i(2α+1)v

is a function of a characteristic

function.

∴ CT (k) ≈ e−αk

π

∑N
j=1 e

−ivjkψT (vj)η

= e−αk

π

∑N
j=1 e

−i 2π
N
(j−1)(u−1)e ibvjψT (vj)η
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Our improvements on Carr and Madan (1999)

Our idea: ψT (v) =ψproxy
T (v) + ψresidue

T (v)

∴ CT (k) = e−αk

π

∫∞
0 e−ivkψT (v) dv

= e−αk

π

∫∞
0 e−ivk [ψproxy

T (v) + ψresidue
T (v)] dv

= Cproxy
T (k)︸ ︷︷ ︸

analytic formula

+
e−αk

π

∫ ∞
0

e−ivkψresidue
T (v) dv︸ ︷︷ ︸

FFT

In Merton’s jump-diffusion model,

CMJD
T (k) =

∑∞
j=0

e−λ′T (λ′T )j

j! CBS
T (k)(S0,T , σj , rj) := Cproxy

T (k)
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Our improvements on Carr and Madan (1999)

Example (FFT pricing on DE model with MJD proxy used)
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Our improvements on Carr and Madan (1999)

Example (FFT pricing on VG model with MJD proxy used)
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